A remark on a Nagell-Lutz type statement for the Jacobian of a curve of genus 2 and a (2, 3, 6) quasi-torus decomposition of a sextic with 9 cusps
Introduction
Let S be a smooth projective surface defined over C, the field of complex numbers. Let ϕ : S → C be an elliptic surface, i.e., ϕ is relatively minimal and has a section O. Under these circumstances, the generic fiber E S of ϕ is an elliptic curve over C(C), and there exists a bijection between the set of C(C)-rational points E S (C(C)) and the set of sections MW(S). Note that O is regarded as the zero element in both group. Suppose that P ∈ E S (C(C)) is a torsion and s P denotes its corresponding section. An analogous statement to the Nagell-Lutz Theorem for an elliptic curve over Z can be stated: 's P does not meet O.' It is known that this analogous statement is false when the characteristic of the base field is p > 0 and the order of P is p (see [14, Appendix] ).
In this article we consider an analogous statement for a fibered surface whose general fiber is a curve of genus 2. Let ϕ : S → P 1 be such a surface. We call ϕ a genus 2 fibration, for short.
For a genus fibration ϕ : S → P 1 , we assume that ϕ satisfies the following conditions throughout this article:
• ϕ is relatively minimal.
• Let C S be the generic fiber of ϕ. C S is a curve of genus 2 over C(t) given by an equation: y 2 = a 0 x 6 + a 1 x 5 + . . . + a 6 , a 0 ∈ C × , a i (i = 1, . . . , 6) ∈ C[t]
• C S has two rational points ∞ ± , which give rise to two section O ± .
Let Pic 0 C(t) (C S ) denotes the class group of C(t)-divisors of degree 0. It is known that any element of Pic 0 C(t) (C S ) can be uniquely presented of the form d−(∞ + +∞ − ) such that d is a C(t)-divisor of degree 2 whose affine part is reduced in the sense of Definition 1.2 (See [6, Proposition 1], for example). We then formulate our problem as follows: 
This question asks if a Nagell-Lutz type statement holds for S or not. In this article, we first give a negative answer to Problem 1. Theorem 1. There exists a genus 2 fibration ϕ : S → P 1 over P 1 such that (i) there exists a torsion element ξ of order 3 in Pic 0 C(t) (C S ), (ii) let d be the divisor of degree 2 given in Proposition 1.1 so that d−(∞ + +∞ − ) represents ξ, and (ii) for any divisor D with D| CS = the affine part of d,
and d is represented by a section s, then a Nagell-Lutz type statement holds by [8] .
The surface S in Theorem 1 is realized as two point blowing-ups of the minimal resolution of a double cover of P 2 branched along a 9-cuspidal sextic, i.e., a sextic with 9 cusps. A 9-cuspidal sextic is the dual curve of a smooth cubic and it has many (2, 3) torus decompositions (see [19] , for example). Here a plane curve B given by a homogeneous equation F (T, X, Z) = 0 is said to be a (p, q) torus curve (or a toric curve of type (p, q)), if F can be represented as F = G p + H q , where G and H are coprime homogeneous polynomials, respectively. We call the right hand side a (p, q) torus decomposition of F . Also B is said to be a quasi-torus curve of type (p, q, r) if
, where F 1 , F 2 and F 3 are pairwise coprime homogeneous polynomials. Torus curves have been studied by topological and arithmetic points of view by Cogolludo-Agustin, Kloosterman, Libgober, Oka and the first author ( [4] , [9, 10] , [15] , [16] , [19] , [20] ). Among them, (2, 3) decompositions for a 9-cuspidal plane sextic B is one of well-studied subjects. We here add one more observation to it: a (2, 3, 6) quasi-torus decomposition of B in Section 3.
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1. Preliminaries 1.1. A double cover construction for a genus 2 fiber space over P 1 . We fix some notation for later use. Let Σ d be the Hirzebruch surface of degree d > 0. We denote the section with self-intersection −d, the negative section, by ∆ 0 and a fiber of the ruling Σ d → P 1 by f. A section linear equivalent to ∆ is denoted by ∆. Likewise [1] , we take affine open subsets U 1 and U 2 of Σ d so that (i) U i ∼ = C 2 (i = 1, 2) and (ii) U 1 and U 2 have coordinates (t, x) and (s, x ′ ), respectively, with relations
Under these coordinates, the negative section ∆ 0 is given by x = x ′ = ∞, and a section ∆ is given by
If we choose a minimum positive integer d such that deg
be the diagram for the canonical resolution. The ruling on Σ d induces a fibration of curves of genus 2, ϕ B : S B → P 1 , with sections O ± which are the preimage of ∆ 0 . The generic fiber C B is given by
Hence C B is a curve of genus 2 over C(t). Note that µ :
is not the minimal resolution in general. For simplicity, in the following, we always assume that ( * ) µ : S B → S ′ B is the minimal resolution.
By [7, Lemma 5] , this condition is satisfied if B has at worst simple singularities (see [2] for simple singularities).
1.2.
A double cover branched along a 9-cuspidal sextic. Let B be a sextic with 9 cusps. Let f
2 be a double cover of P 2 with branch locus B and let µ : S B → S ′ B be the canonical resolution of S ′ B (see [7] for the canonical resolution) of S ′ B with the following commutative diagram:
where q is a composition of 9 time blowing-ups at the 9 cusps. Choose a point
By abuse of notation, we denote q
Let q zo : ( P 2 ) zo → P 2 be a blowing-up at z o and let S B,zo be the induced double cover of ( P 2 ) zo :
A pencil of lines through z o induces a fiber space of curve of genus 2 on S B,zo , which we denote by ϕ B,zo : S B,zo → P 1 . We choose a homogeneous coordinates [T, X, Z] of P 2 such that z o = [0, 1, 0] and B is given by
where a i (i = 1, . . . , 6) are homogeneous polynomials of degree i. Put f B (t, x) := F B (t, x, 1). Under this circumstance, the generic fiber C B,zo := C SB,z o of ϕ B,zo is given by
Since the curve given by f B (t, x) = 0 also defines a divisor B 1 on in Σ 1 , we have a double cover S B1 of Σ 1 . branched over B 1 as in Section 1.1. Not that S B,zo = S B1 and (
We show that there exists a 3-torsion in Pic 0 C(t) (C B,zo ) described in Theorem 1.
Divisors representing elements in Pic
0 K (C) for a hyperelliptic curve C. Let K be a field with char(K) = 0 and K denotes its algebraic closure. As for this section, main references are [6, 12, 17] . In particular, we use the notation in [17, Chapter II] .
Let C be a hyperelliptic curve of genus g given by the equation
We denote the hyperelliptic involution of C by σ.
, where d 0 is an effective K-rational divisor of degree g whose affine part is reduced.
Since a curve of genus 2 is hyperelliptic, we have:
, where d 0 is an effective K-rational divisor of degree 2 whose affine part is reduced, i.e., d 0 is of the form P 1 + P 2 , P + ∞ ± , 2∞ + or 2∞ − , where P i , P are finite points and P 2 = σ(P 1 ).
1.4.
An algorithm for a reduction of a divisor. We here recall an algorithm by which we can compute a reduced divisor from a given semi-reduced divisor of higher degree after the one given in [6] . Let C be a hyperelliptic curve of genus 2 as above. It is known that an effective affine semi-reduced divisor d on C is represented as a pair of two polynomials, which is called the Mumford representation of d. Mumford representations derive from the construction of the Jacobian variety of a hyperelliptic curve given by Mumford [13] . Let d = i m i P i be an effective affine semi-reduced divisor. Let [12] . In [12] , deg(f ) is assumed to be odd and div(u, v) is defined by div(u, v) = d − deg(d)∞, where ∞ is the point at infinity. When deg(f ) is even, C has two points at infinity and the behavior of the polar divisor of y − v(x) is complicated as described later. Thus we defined div [u, v] as an effective affine divisor as in [6] .
From now on, we assume that deg(f ) = 6. Let
, by Corollary 1.1, d has a unique representative of the form d 0 − d ∞ , where d 0 is an effective K-rational divisor of degree 2 whose affine part is reduced. We can compute the divisor d 0 by the reduction algorithm, which is a part of Cantor's algorithm [3] . Although Cantor [3] assumed that deg(f ) is odd, we can generalize his algorithm to the case deg(f ) is even. We follow the description in [6] .
Let
is a polynomial of degree 5 or 6 and we have (y ′ ) 2 =f (x ′ ). Since deg(f ) = 6, we havef (0) = 0. We define
Then a + and a − are the square roots off (0), hence we have a + = a − . For a polynomial p(x), we denote by lt(p) the leading term of p(x). If lt(p) = a + x 3 , then the function y − p(x) has a pole of order less than 3 at ∞ + and a pole of order 3 at ∞ − . The case lt(p) = a − x 3 is similar. If lt(p) = a + x 3 , a − x 3 , then y − p(x) has poles of order max{3, deg(p)} at ∞ + and ∞ − . In the following, we only need to consider divisors div [u, v] of degree 4 such that lt(v) = a + x 3 , a − x 3 . For such divisors, the reduction algorithm is described as in Algorithm 1, which is a specialization of [6, Algorithm 2] . In general, we can compute the reduced divisor associated with a semi-reduced divisor by [6, Algorithms 2 and 3].
Algorithm 1 Reduction
The geometric interpretation of the reduction algorithm is also given in [6] . We explain it for Algorithm 1. 
2. Proof of Theorem 1 2.
1. An S 3 -cover of P 2 branched along a 9-cuspidal sextic. Let E be an smooth cubic in P 2 . We choose a flex O of E and fix it. Let S 3 (E) be the 3-fold symmetric product, which is the set of effective divisors of degree 3. Let α : E × E × E → Pic 0 (E) be the Abel-Jacobi map given by (P 1 , P 2 , P 3 ) → P 1 + P 2 + P 3 −3O. Note that, as E is identified with Pic 0 (E) by P → P −O, α((P 1 , P 2 , P 3 )) = P 1+ P 2+ P 3 , where+ denotes the addition on E with O as the zero. Let ̟ : E × E × E → S 3 (E) be an S 3 -cover given by the definition of S 3 (E) and let α : S 3 (E) → Pic 0 (E) be the induced map. By its definition, we have the following:
Since α −1 (0) is the set of effective divisors of degree 3 cut out by lines, α −1 (0) is considered as the set of lines. Hence, we infer that the branch locus of π is the dual curve of E, which is a 9-cuspidal sextic.
2.2. Proof. Let π : A → P 2 be the S 3 -cover given in Section 2.1 and we put ∆ π = B. Let β 1 (π) : D(A/P 2 ) → P 2 and β 2 (π) : A → D(A/P 2 ) be the double and cyclic triple covers given in [18] . (Note that S 3 ∼ = D 6 ). β 1 (π) coincides with the double cover f Hence by relabelling Θ i,j (i = 1, . . . , 9, j = 1, 2) suitably, by [21, Lemma 8.7] , we may assume that there exists a divisor D o on S B such that
Choose z o ∈ P 2 such that any line through z o passes through at most one cusp of B. Let ϕ B,zo : S B,zo → P 1 be the genus 2 fibration as in Section 1.2 and let C B,zo be its generic fiber.
Proof. Choose φ ∈ C(S B,zo ) such that
× and we may assume that D o is linear equivalent to a divisor whose irreducible components are all in fibers of ϕ B,zo . Put
Then by ( * ) we have
By computing the intersection product with O + , we have 0 = 3aF · O + , i.e., a = 0.
We next compute the intersections with Θ i,1 , Θ i,2 and we have
This implies b i,1 = 2/3, b i,2 = 1/3, which is impossible as b i,j ∈ Z. By Corollary 1.1, there exist an effective divisor d such that deg d = 2 and
Proof. By Corollary 1.1, then D can be written one of the following forms
where C is a horizontal divisor such that (a) C · F = 2 and (b) it does not contain O ± as its irreducible components, and s is a section = O ± .
The case D hor = C. By our assumption, C := q • q zo • f B,zo (C) does not contain z o . Hence C meets a line through z o at 2 points and it implies C is a curve of degree 2.
By the relation ( * ), we have
while the right hand side is −3 0 . Hence b i,1 = 2/3, b i,2 = 1/3, which contradicts to b i,j ∈ Z. This shows Claim.
By Claim, we infer that C passes through the 9 cusps of B. Since B is a sextic, this is impossible. passes through all 9 cusps and s intersects B at 9 points, which is impossible.
The case D hor = 2O + , 2O − . As O ± Θ i,j = 0, a similar argument to previous two cases shows that b i,j ∈ Z. Hence this case does not occur.
By Lemmas 2.1 and 2.2, we have Theorem 1.
3.
A quasi-torus decompositions of type (2, 3, 6) for a 9 cuspidal sextic
In this section, we consider an explicit description of D o in Section 2.2. To this purpose, we consider an explicit description of π :→ P 2 . As an application, we give a (2, 3, 6) quasi-torus decomposition for B explicitly, Suppose that B as a dual curve of an elliptic curve E given by an equation E : v 2 = u 3 + au + b, 4a 3 + 27b 2 = 0.
Let l t,x be a line given by v = xu + t. Then (t, x) ∈ B if and only if l t,x is tangent to E. By equating E and l t,x with respect to v, we have an cubic equation with respect to u: p(u) := u 3 − x 2 u 2 − (2 tx − a) u − t 2 + b = 0
In other words, we have 
